Our principal aim is to give the complete answer to the question posed by Micha Perles, which generalizes the Lyusternik-Schnirel'man version of the Borsuk-Ulam theorem. As a consequence, we also obtain the improved lower bound for the local chromatic number of certain class of graphs.
Introduction
The Lyusternik-Schnirel'man theorem says that if a family of open sets covers the sphere S h , and none of them contains the pair of antipodal points, then there are at least h + 2 of them. It is easily verified that this statement is one of the many statements equivalent to the Borsuk-Ulam theorem. A natural question arises of determining the minimal number of these sets that contain some point of the sphere. In other words, we consider a question of determining the minimal dimension that a nerve of such a cover of the sphere could have. In very nice papers [3] and [4] , G. Simonyi and G. Tardos gave the complete answer to this question when h is odd, but left the ambiguity of 1 in the case when h is even. In this paper, we resolve this ambiguity.
The chromatic number of a graph is a very important invariant and it attracted a lot of attention. Let us mention the beautiful and inspiring result of L. Lovász solving the Kneser conjecture and determining the chromatic number of certain class of graphs in terms of connectivity of associated simplicial complex. This result motivated a lot of research (see [2] ).
The local chromatic number of a graph G is defined to be the minimum number of colors that must appear within distance 1 of a vertex of G. More formally, if we denote with N(v) the neighborhood of a vertex v in a graph G (the set of vertices v is connected to), we define ψ(G) = min c max v∈V (G) |{c(u) | u ∈ N(v)}| + 1, where the minimum is taken over all proper colorings c of G, compare [3] . It is obvious that the local chromatic number of a graph G is smaller than its chromatic number. G. Simonyi and G. Tardos showed in their paper that if a graph G is strongly topologically t-chromatic (which is a little bit stronger assumption than to be t-chromatic), then ψ(G) ≥ t 2 + 1, (see [3] ). We don't want here to go too much into the details, and so refer the reader to [3] for all the definitions, statements and proofs. As a consequence of the above mentioned result, we improve this lower bound for the local chromatic number of graphs by 1. There are examples described in [3] showing that the obtained lower bound is the best possible.
Main theorem
Motivated by a related question of Matatyahu Rubin, Micha Perles formulated the following question.
Perles' question.
For which h and l, the sphere S h can be covered by open sets in such a way that no point of the sphere is contained in more than l of these sets and none of the covering sets contains an antipodal pair of points?
For given h and l, let us denote with Q(h, l) the statement that the answer to Perles' question is positive. Of course, this question is closely related to the LyusternikSchnirel'man version of the Borsuk-Ulam theorem. This question also has the following reformulation:
Perles' question reformulated. For nonnegative integer h determine the minimal number l for which the sphere S h can be covered by open sets in such a way that no point of the sphere is contained in more than l of these sets and none of the covering sets contains an antipodal pair of points. This minimal number will be denoted by Q(h).
In two of their papers G. Simonyi and G. Tardos (see [3] and [4] ) treated this question. They have arrived at this problem in an attempt to determine the local chromatic number of certain class of graphs. They were able to prove the following equivalence.
Theorem 2.1 ([4])
For every h and l the statement Q(h, l) is true if and only if there is a continuous map g : S h → K for some finite simplicial complex K of dimension at most l − 1 satisfying g(x) = g(−x) for all x ∈ S h .
They proved a little bit more, namely that one could require the minimal simplices containing g(x) and g(−x) to be disjoint for every x ∈ S h . This was the starting point in their proof that the statement Q(h, l) is not true if h ≥ 2l − 1. They also proved that Q(h, l) is true if h ≤ 2l − 3. So, only the case h = 2l − 2 remained open.
The statement Q(0, 1) (obtained when l = 1) is trivially true, and they proved (and independently Imre Bárány) that Q(2, 2) (obtained when l = 2) is not true.
G. Simonyi and G. Tardos used the reformulated version of Perles' question. We find it more convenient to use the first one, but we will also present the statements using the second.
So, in terms of the reformulated question, i.e. in terms of the function Q(h), we could say that the following is known:
+ 2 and for even h we have the ambiguity in all cases except for h = 2 when we know Q(2) = 3.
The principal aim of this note is to verify the missing case h = 2l − 2 completely, i.e. to determine the value Q(h) for all even h. We show the following:
Proof: We use the above equivalence (theorem 2.1), i.e. we will prove that for every (l−1)-dimensional simplicial complex K and every continuous map g : S 2l−2 → K , there is a point x ∈ S 2l−2 such that g(x) = g(−x). Suppose, to the contrary, that for some K and some g, such a point x does not exist. As G. Simonyi and G. Tardos showed, we could suppose even that for every x ∈ S 2l−2 the minimal simplices containing g(x) and g(−x) are disjoint. Let us map all the vertices of K to the different points on the moment curve M = {(t, t 2 , ..., t 2l−2 ) | t ∈ R} in R 2l−2 , and extend this map ϕ linearly on all simplices of K. The map ϕ is not an embedding, but from the properties of the moment curve (see [1] and [5] ), we easily deduce that the ϕ-images of two disjoint simplices could intersect at most in one point, and only if the simplices are (l−1)-dimensional. Now, we fix ϕ on simplices of dimension not greater than l − 2, and inductively change it on (l − 1)-simplices, if necessary. We order (l − 1)-simplices and fix ϕ on the first one. Suppose we defined ϕ on first j − 1 of them. The ϕ-image of the j-th simplex σ j could intersect preceding j − 1 of them in finitely many points. Let u ∈ σ j and v ∈ σ i (for some i < j) be the points with the same ϕ-image, i.e. ϕ(u) = ϕ(v). If the points u and v are not g-images of the two antipodal points, we do not change ϕ at the point u. If u = g(x) and v = g(−x) for some x ∈ S 2l−2 , we change the mapping ϕ in a small disc centered at u so that the image of the whole simplex σ j does not change, but we move images of u and the points within the disc so that the points whose ϕ-images coincide are not the g-images of the two antipodal points. It could be described as if we compose ϕ with some mapping ρ : K → K , which is identity on the boundary of the disc (and outside of the disc), maps u to some other point u ′ in the interior of the disc, and maps linearly the interval [u, t] to the interval [u ′ , t] for every point t on the boundary of the disc.
It is obvious that we could slightly change a mapping ϕ inside finitely many disjoint discs within σ j in the described way. The procedure continues until ϕ is defined on the whole K . Now we consider the composition ϕ • g : S 2l−2 → R 2l−2 . From the above construction it is clear that g-images of any pair of antipodal points in S 2l−2 could not be mapped by ϕ to the same point. So, ϕ • g(x) = ϕ • g(−x) for every x ∈ S 2l−2 , which contradicts the Borsuk-Ulam theorem. This contradiction completes the proof.
Of course, using the results from [4] , this theorem implies the following, improved lower bound for the local chromatic number ψ(G) of the graphs which are strongly topologically t-chromatic. For the relevant definitions see [4] . 
